The diquark is a strongly-correlated quark pair that plays an important role in hadrons and hadronic matter. In order to treat the diquak as a building block of hadrons, we formulate an effective theory of diquark fields with SU (3)R × SU (3)L chiral symmetry. We concentrate on the scalar (0 + ) and pseudoscalar (0 − ) diquarks and construct a linear-sigma-model Lagrangian. It is found that the effective Lagrangian contains a new type of chirally symmetric meson-diquark-diquark coupling that breaks axial UA(1) symmetry. We discuss consequences of the UA(1) anomaly term to the diquark masses as well as to the singly heavy baryon spectrum, which is directly related to the diquark spectrum. We find an inverse mass ordering between strange and nonstrange diquarks. The parameters of the effective theory can be determined by the help of lattice QCD calculations of diquarks and also from the mass spectrum of the singly heavy baryons. We determine the strength of the UA(1) anomaly term, which is found to give a significant portion of the diquark masses.
I. INTRODUCTION
Recent developments of hadron spectroscopy has brought a completely new picture of hadrons. In particular, many unconventional hadron resonances have been found and become candidates of multi-quark exotic states, which contain more than three quarks [1] [2] [3] [4] . X(3872) is a representative of such states. While it is found in the charmonium (cc) spectrum, it may not simply be a cc, but is dominantly a tetra-quark state, or a DD * molecular resonance. The other unconventional new resonances include charged hidden-charm mesons and hidden-charm pentaquark baryons. It is urgent and important to reveal the composition and dynamics of these states.
In understanding their structures, we need a new dynamics that gives a strong correlation among multiple quarks. Various types of subsystems, or clusters, have been proposed to form exotic multi-quark states. A candidate is color-singlet hadrons, which form a bound or resonance states. Color-non-singlet clusters are more exotic and interesting. The simplest one, except for a constituent quark, is a diquark [5] [6] [7] . Various models with diquarks as ingredients have been proposed for explaining masses and structures of multiquark hadrons [8] [9] [10] . Among many possible quantum numbers, it is known that the scalar (0 + ) diquark with color3 and fla-vor3 is strongly favored by quantum chromodynamics (QCD) [11] [12] [13] [14] [15] , while the axialvector (1 + ) diquark with color3 and flavor 6 also appear frequently in hadrons. Color 6 diquarks are interesting also, but they may appear only in the multiquark states.
We consider a diquark effective theory for light quarks q = (u, d, s). It is important to formulate their dynamics * oka@post.j-parc.jp; corresponding author based on the chiral symmetry and its spontaneous breaking in QCD. Chiral symmetry plays key roles in understanding the low-lying spectrum of mesons and baryons. In particular, the pion (and the other ground-state pseudoscalar mesons) and its properties have revealed how chiral symmetry is broken in the QCD vacuum. The symmetry constrains the low-energy effective theory of the pion very strongly. In contrast, diquarks show new features and dynamics under the chiral symmetry [10, [16] [17] [18] [19] . Effective theories of diquarks were also explored in the context of color superconductivity at high density QCD [20, 21] , where it is shown that the axial U A (1) anomaly plays an important role [22, 23] .
Chiral symmetry of diquarks is closely related to the chiral representations of heavy-quark (Q) baryons (Qqq), such as singly charmed (cqq) or bottomed (bqq) baryons. In fact, the roles of diquarks are most prominently seen in the singly heavy baryon system [24] [25] [26] [27] . Chiral aspects of heavy baryon masses and decays were studied in [28, 29] .
In this paper, we propose a chiral effective theory of scalar and pseudo-scalar diquarks, based on linear representations of SU (3) R × SU (3) L symmetry. Such an effective theory may be applied, once the parameters are determined by the known experimental data, to not only the heavy baryon systems, but also to tetraquarks, and the other multiquark hadrons. We write down a general form of the effective Lagrangian for the scalar diquarks in the form of the linear sigma model. Then the masses of the diquarks are identified at the tree level from the quadratic terms of the Lagrangian.
It is shown that the leading meson-diquark-diquak coupling term breaks axial U A (1) symmetry, while it keeps the chiral symmetry invariant. Such a term is supposed to come from U A (1) anomaly in QCD. Namely the flavor singlet axialvector current for light quarks has a nonzero divergence due to quantum anomaly effect. It is known that this effect is connected to the coupling of light quarks to a non-trivial topological configuration of gluon, i.e., instanton. The U A (1) anomaly term with spontaneous chiral symmetry breaking, i.e., quark condensates, generates a diquark mass term, which behaves differently from the other mass terms. We discuss how we can identify and determine the parameters of such a coupling term of the diquark effective Lagrangian. This paper is organized as follows. In Sect. II, we introduce diquarks and their local operator representation, and formulate chiral effective theory in the chiralsymmetry limit. In Sect. III, explicit chiral symmetry breaking due to the quark masses is introduced and its consequences are discussed. In Sect. IV, a numerical estimate is given for the parameters of the effective theory. We use the diquark masses calculated in lattice QCD and also the experimental values of the singly heave baryons. In Sect. V, a conclusion is given.
II. DIQUARK EFFECTIVE THEORY

A. Diquark operators in flavor SU (3) symmetry
In order to study the transformation properties of the diquark systems, we consider properties of QCD composite operators made of two quark fields. We employ the flavor SU(3) basis for the quark operators, q a α,i , where a is color, α is Dirac, i is flavor index of the quark. Then local diquark operators are defined by
where T denotes the transpose for the Dirac index and Γ is a relevant combination of the Dirac gamma matrices. Possible combinations satisfying the Lorentz covariance and the Pauli principle for quarks are given in Table I .
In this paper, we concentrate on the scalar and pseudoscalar diquarks from the viewpoint of chiral symmetry. More specifically, we consider the first two states, Nos. 1 and 2, from Table I , which have spin 0, color3 and flavor 3. We here see that these two diquarks are chiral partners to each other, i.e., they belong to the same chiral representation and therefore they would be degenerate if the chiral symmetry is not broken.
To see this, using the chiral projection operators, P R,L ≡ (1 ± γ 5 )/2, we define the right quark, q a R,i = P R q a i , as a (3,1) representation of chiral SU (3) R × SU (3) L symmetry, and the left quark, q a L,i = P L q a i , as a (1,3) representation. Explicitly, they transform as
Then we construct "right" and "left" spin-0 diquark operators with color3 as
It is straightforward to show that d R and d L belong to chiral (3, 1) and (1,3) representation, respectively, and transform as
The other diquark operators are also decomposed in the chiral basis similarly, as shown in Table II . First two of them are the diquarks that we concern in this paper. The diquarks given above are not eigenstates of parity. Using the parity transform of the quark operators, P :
, the spin-0 diquarks are found to transform as
Thus the Lorentz scalar, S (J π = 0 + ), and pseudoscalar, P (0 − ), operators can be identified by
These relations show that the scalar and pseudoscalar diquarks, given as Nos. 1 and 2 of Table I , belong to (3, 1) and (1, 3) representations of chiral symmetry. Thus, we conclude that the scalar and pseudoscalar diquarks are chiral partners.
C. Chiral Lagrangian in the chiral limit
We now introduce the chiral (3,3) meson fields Σ, which contain nonet pseudoscalar and nonet scalar mesons. Their chiral transform is given by
where σ represents a scalar nonet, and π a pseudoscalar nonet. Σ transforms under the spatial inversion as P : Σ → Σ † . Chiral symmetry is spontaneously broken by the vacuum state, which is represented by the vacuum expectation value (VEV) of the scalar field σ as
where f is the pion decay constant. For this vacuum, π is the massless Nambu-Goldstone bosons. To read off the conventional meson contents from Σ, one uses the Gell-Mann matrices, λ p , as
Note that σ and π contain the flavor singlet components, for which we use λ 0 = 2/31 with the unit matrix 1.
We are ready to present an effective Lagrangian in the chiral limit as
Here we truncate the interaction terms with more than two Σ's. We also omit ΣΣ † and Σ † Σ terms, since they do not contribute to the mass difference between the 0 + and 0 − states. V (Σ), which are not shown explicitly, denotes the interaction potential terms for the meson fields that cause the spontaneous symmetry breaking, Eq. (12). Hereafter, we will omit the kinetic and potential parts of the mesons, because we consider only the mean fields of the mesons. As the diquark is not a color singlet state, we have introduced a color-gauge-covariant derivative in Eq. (16),
with G µ being the gluon field, and T α the color SU(3) generator for the3 representation. All the color indices are contracted and not explicitly written. The kinetic energy term of the gluons fields is also omitted.
It is easy to check that the Lagrangian Eq. (16) is chiral invariant and parity conserving. We may rewrite the Lagrangian in terms of the parity eigenstates, Eqs. (9) and (10), as
D. Masses of the diquarks and generalized Goldberger-Treiman relation
In the mean field approximation, keeping the SU(3) symmetry, Σ ij = f δ ij , the masses of the diquarks are read from
which leads to the mass matrix for (d R,i , d L,i ) as
Diagonalizing the mass matrix, we obtain the mass eigenstates,
which are also the eigenstates of the parity. Now it is clear how the diquark masses are generated from the spontaneous chiral symmetry breaking (SCSB). In the regime of complete chiral restoration, the 0 + and 0 − diquarks are degenerate with the mass m 0 . This is the limit where all the hadrons are subjected to belong to a parity doublet. In the ordinary vacuum of QCD, the SCSB resolves their degeneracies. In the present case, the mass splitting is given by the m 2 1 and m 2 2 terms. It should be noted that the diquarks are bosons and their chiral behaviors are different from fermions. In the linear sigma model for baryons, if we assign the chirality of the baryon according to the chirality of quarks (naive choice), then the baryon mass should vanish in the chiral symmetric limit. In this case, the baryon mass comes only from SCSB. It was, however, shown that the mirror assignment of chirality (L ↔ R reversed) of the baryon is possible, and then the chiral symmetric mass term is allowed. Realistic baryons may be a mixing of these two assignments [30] [31] [32] .
In contrast, the chiral representation of the spin-0 diquarks allows both the chiral symmetric and SCSB mass terms simultaneously. Namely, the m 2 0 term is independent from SCSB, while the m 2 1 and m 2 2 terms contribute to the baryon masses only when the chiral symmetry is spontaneously broken.
As is shown in Eq. (17), the m 2 1 and m 2 2 terms of the Lagrangian describe the meson-diquark interactions. The π − S − P vertex terms are given by
where π 0 = η 1 = √ 6Tr[π] is the singlet pseudoscalar meson.
We then obtain the relation between the octet-mesondiquark couplings and the mass differences of diquarks, as a generalized Goldberger-Treiman (GT) relation,
This relation can also be derived from the conservation of the flavor-octet axial-vector currents and the existence of the massless Nambu-Goldstone bosons, π p (p = 1, . . . 8). Note that this coupling is a non-derivative, S-wave, coupling that describes the mesonic decay of the negative-parity excited heavy baryon into the positiveparity ground states. On the other hand, the coupling constant of the singlet (eta) meson π 0 = η 1 is given by
This relation is not a GT relation and is not directly derived from the symmetry because the axial U A (1) is explicitly broken and the singlet η 1 is not a massless Nambu-Goldstone boson as is discussed in the next section.
E. U A (1) anomaly
So far, we have considered the chiral SU (3) R ×SU (3) L symmetry. The given Lagrangian Eq. (16) is invariant under the SU (3) R × SU (3) L transform. However, QCD Lagrangian for massless quarks has another axial symmetry, U A (1) symmetry, which counts the difference of right and left quarks, regardless of flavor. In fact, this symmetry is not realized in the hadron spectrum due to anomaly. It is known that the instanton, a topologically non-trivial configuration of the gluon field in the Euclidean 4-dimensional space-time, plays a leading role in the U A (1) breaking. There the light quarks, (u, d, s) couples to the instanton in an axial-symmetry breaking manner [33, 34] .
In low-energy effective field theories, the U A (1) anomaly can be taken into account as an effective symmetry-breaking term. For instance, for the light meson sector, it is given as an extra term like g D det (Σ+Σ † ) (Kobayashi-Maskawa-'t Hooft (KMT) term) 1 . It makes the flavor singlet η 1 (= π 0 ) massive, while the octet η 8 (= π 8 ) is massless in the chiral limit [35] [36] [37] .
We similarly consider the U A (1) anomaly for the diquark effective theory. It happens that the m 2 1 term of Eq.(16),
breaks U A (1) symmetry [22, 23] . It is easy to prove that each term contains three left and three right quarks with antisymmetric flavor indices. Thus the term is proportional to det i,j (q R,j q † L,i + q L,j q † R,i ). This is nothing but the determinant interaction, which is known to come from the instanton-light-quark couplings and breaks the U A (1) symmetry. In fact, by using the Fiertz transformation, one can explicitly show
It is clear that this term breaks U A (1) symmetry as the numbers of left and right quarks in each term are different. On the other hand, it keeps SU (3) R × SU (3) L invariant, because the flavor determinant is invariant under the SU (3) transform. Fig. 1 shows the chiral properties of the vertices of the Lagrangian, Eq. (16). The m 2 1 term contains a sixquark vertex induced by the instanton, while the m 2 2 term does not break the U A (1) symmetry. The U A (1) anomaly effects will arise to the diquark mass and interaction only when the chiral symmetry is spontaneously broken.
F. Masses of the singly heavy baryons
As the diquarks are not directly observed, we may instead consider a singly heavy baryon, a bound state of a diquark with a heavy quark Q (charm or bottom) [28, 29] . Corresponding baryons are Λ Q , and Ξ Q with spin-parity 1/2 + and 1/2 − . We write down the effective Lagrangian for the Qqq baryons with the one-to-one correspondence to Eq.(16), as
where S L/R,i denotes the effective field for the Qqq baryon multiplets with the left/right3 representation carrying the velocity v µ . We note that these S L/R,i fields are the heavy hadron effective fields for the fluctuation modes satisfying v µ γ µ S L/R,i = S L/R,i . 2 We may redefine the fields to eliminate the M B0 term as S L/R,i → e −iM B0 v µ xµ S L/R,i , but we keep this term to see the explicit correspondence to the diquark Lagrangian in Eq. (16) . The M B1 term is the one that breaks the U A (1) symmetry. This term generates an anomalous mesonbaryon couplings, the S-wave Ξ Q (1/2 − )Ξ Q (1/2 + )π and Ξ Q (1/2 + )Λ Q (1/2 − )K couplings. The M B2 term is invariant under U A (1) symmetry transformation in addition to the chiral SU (3) R × SU (3) L symmetry transformation. As in Eq. (12), the VEV of Σ field causes the spontaneous chiral symmetry breaking. Then, from the above Lagrangian, the masses of the baryons with positive and negative parities are given by where M Q is the heavy quark mass. As stated above, one can absorb M B0 into the redefinition of M Q , which implies that it is impossible to distinguish M B0 and M Q . Now, let us assume that the binding energies between the heavy quark Q and the diquarkare the same for the baryons with positive and negative parities. Then, the mass difference between two baryons is determined by the mass difference of the relevant diquarks. By comparing the formulas in Eq. (28) with the ones for diquark masses in Eqs. (20) and (21), the mass difference of chiral partners of the singly heavy baryons is related to the diquark mass parameter as
It is important to include the effects of the explicit breaking of chiral symmetry due to the quark masses, (m u , m d , m s ), which are not zero nor equal. The mass hierarchies of the light mesons and baryons reflect the SU (3) breaking due to the quark masses. In effective theories, this effect comes either in the choices of the parameters, or with extra terms with explicit breaking or both.
A. Chiral Lagrangian with explicit symmetry breaking
In the linear sigma model, we consider the effective quark mass generated by the current quark mass and the spontaneous chiral symmetry breaking. Namely, with the condensation of σ, the quarks acquire an effective mass of ∼ 300 − 500 MeV.
where m i is the current quark mass of the i-th flavor and g s (∼ 3) denotes the coupling of the scalar meson, σ, to the quark. We choose σ 11 = σ 22 = f π ∼ 92 MeV and
In a more general form, using the quark mass matrix, M ≡ diag(m u , m d , m s ), and the VEV of Σ, we write the effective mass as
Here we neglect u and d quark masses ∼2 and 5 MeV, respectively, as they are much smaller than g s f π ∼ 300 MeV, while for m s ∼ 100 − 200 MeV, A ∼ 5/3 gives a significant correction. Now we consider the symmetry breaking in the interaction terms of the Lagrangian Eq.(16). The above consideration leads us to a prescription that the explicit symmetry breaking is introduced by the replacement,
This is justified because every mass insertion to a quark line in Feynman diagrams can have chiral-symmetry breakingcondensate in the same line. Then this prescription gives the Lagrangian that includes explicit chiral symmetry breaking as
B. Diquark masses with SU (3) breaking
In the chiral symmetry breaking vacuum, by replac-ingΣ with its expectation value, Σ = M eff /g s = f π diag {1, 1, A}, in Eq.(34), we can read off the mass terms, as
The mass eigenstates are obtained by diagonalizing the mass matrix for each flavor, 
The eigenstates coincide with the scalar (S i , 0 + ) and pseudoscalar (P i , 0 − ) diquarks again and their masses are given by
Now one sees nontrivial hierarchy structures of the diquark masses. From Eqs. (38)-(41), one obtains
Note that the i = 1 (ds) and i = 2 (su) diquarks are the ones with the strange quark, while the i = 3 (ud) diquark is non-strange. Suppose that the (ud) scalar diquark is lighter than the (ds) and (su) diquarks. This is a natural assumption which can be confirmed from the spectrum of the singly heavy baryons, M (Ξ Q = Qsu, Qds) > M (Λ Q = Qud). As M 1 and M 2 correspond to the iso-doublet diquarks, we need to have a mass hierarchy, M 1 (0 + ) = M 2 (0 + ) > M 3 (0 + ). Now from Eq. (42) and A > 1, m 2 1 > m 2 2 is required. Then for the negative parity diquarks, we will have M 1 (0 − ) = M 2 (0 − ) < M 3 (0 − ). This is an inverse hierarchy, because for the negative parity diquarks, the strange ones (i = 1, 2) are lighter than the non-strange (i = 3) one.
IV. NUMERICAL ESTIMATES
In order to determine the parameters of the effective Lagrangian, we need to have a few inputs. Ideally, the masses of the diquarks are useful. There are several attempts of computing the diquark masses and spectrum in lattice QCD [11] [12] [13] [14] [15] . As the diquark is not a color singlet state, we need either fixing the gauge on the lattice and measure the diquark masses, or placing a heavy color source to compensate the color of the diquark and measure the mass (energy) differences of the different diquark states. Both the methods give qualitatively consistent results, in particular for the mass difference between the scalar diquark (0 + ) and the axialvector diquark 
C. Discussions
The results obtained from the two methods are summarized in Table III . One immediately sees that the two methods give almost identical results. This simply indicates that our scheme works very well with the diquark masses given by the lattice QCD calculation.
A prominent feature of the mass spectrum is the inverse ordering of Λ c (1/2 − ) and Ξ c (1/2 − ). This is anomalous from the quark model viewpoint because Ξ c = (csq) contains a strange quark and is expected to be heavier than Λ c (cqq) for the same quantum numbers. A naive estimate would conclude M (Ξ c ) ∼ M (Λ c ) + 200 (MeV), while the present chiral dynamics predicts M (Ξ c ) ∼ M (Λ c ) − 120 (MeV) for the 1/2 − states. The difference comes from the combination of the U A (1) anomaly term and the second-order chiral symmetry breaking term as is seen in Eq. (42) .
The PDG [45] reports a Λ c (1/2 − ) state at 2592 MeV and a Ξ c (1/2 − ) state at 2793 MeV (Table III) . However, they may not directly be compared with our predictions. There are two competing structures for the negative parity 1/2 − baryon resonances, either a bound state of 0 + diquark and a charm in P wave (L = 1) (λ-mode), or a bound state of 0 − and a charm in S wave (ρ-mode). Our diquark picture assumes the ρ-mode excited states, where the diquark itself is excited. In the quark model analysis, the ρ-mode states are in general heavier than the λ-mode states [46] . In fact, Λ c (2592) fits to the λ-mode in the quark model very well [25] .
On the other hand, because of the inverse ordering, our prediction of Ξ c (1/2 − ) comes as low as the observed state, Ξ c (2793), while, in the quark model, Ξ c (2793) would be assigned to the λ-mode excitation. It is interesting to see whether Ξ c (2793) is possible to be the ρ-mode excitation. If so, we expect to have two Ξ c (1/2 − ) states in the same energy region. In the present numerical analysis, the parameter A is fixed to 5/3 ∼ 1.67. This value comes from the conventional wisdom in the quark model that the ratio of the constituent quark masses of s and u/d is given by
Let us estimate A according to the definition, Eq. (32) . First, f s = 128 MeV, and f π = 92 MeV are determined from the weak decays of the pseudoscalar mesons. g s is the coupling constant of the pion to the u, d quark.
It can be related to the πN N coupling constant, ı.e., g s = 1 3 g πN N ∼ 4.2, Here we use g πN N = 12.5, which is determined from the Goldberger-Treiman relation. Finally m s is the current strange quark mass determined in the chiral perturbation theory, m s ∼ 85 − 105 MeV [45] . From these values, we obtain A ∼ 1.61 − 1.67, which agrees with our choice.
While this estimate is plausible, we check how the results depend on the value of A. We recalculate the Lagrangian parameters for A = 1.5 and 2 for the Method II. Noting that m 2 0 does not depend on A, we obtain
for A = 1.5 and
for A = 2. We summarize the A dependence in Table IV . It is found that the value of m 2 2 is sensitive to the choice of A. In fact, we can fit to the charmed baryon masses without m 2 2 term for A = 1.91. On the other hand, the U A (1) anomaly term, m 2 1 , is more stable and is consistently dominant.
V. CONCLUSION
In this paper, we have proposed a chiral effective theory of scalar and pseudoscalar diquarks. Based on the linear representations, we find that the color3, flavor3 and spin-parity 0 + diquark, S, and the 0 − diquark, P , with the same color and flavor, form a chiral (3, 1)+ (1, 3) representation. Their mass difference comes from spontaneous chiral symmetry breaking (SCSB). A linear sigma model Lagrangian is constructed with three mass parameters, m 2 0 , m 2 1 and m 2 2 . Among them, m 2 0 represents the chiral invariant mass. On the other hand, the m 2 1 and m 2 2 terms yield masses under SCSB. Furthermore, the m 2 1 term breaks the axial U A (1) symmetry and thus represents the U A (1) anomaly. It is shown that the m 2 0 mass is diagonal in the chirality of the diquark, while the m 2 1 and m 2 2 masses are off-diagonal, connecting the left and right diquarks. The scalar and pseudoscalar diquarks are mass eigenstates and their mass difference is given by m 2 1 and m 2 2 . We also find that the coupling of the pseudoscalar octet mesons to the diquarks satisfies the generalized Goldberger-Trieman relation.
By introducing the finite quark mass effects, we find that the contributions of the U A (1) anomaly mass m 2 1 depend on the quark mass in a reversed manner compared to the m 2 2 contributions. As a result, we find the inverse mass ordering of the negative parity diquarks, M (us/ds, 0 − ) < M (ud, 0 − ).
In order to estimate the coupling constants in the effective Lagrangian, we take into account the results of lattice QCD calculations of diquark masses and also the masses of the bound states of a charm quark and a diquark, i.e., singly charmed baryons. We propose two methods of determining the parameters, which give similar results. The most prominent feature of the diquark picture of the charmed baryon is the reversed ordering of Λ c (1/2 − ) and Ξ c (1/2 − ). We predict a lower mass for Ξ c (1/2 − ). This inversion is caused by the U A (1) anomaly term. A similar mass inversion was seen also in the scalar meson spectrum in a chiral effective theory approach [36] .
Numerical values of the parameters in the effective Lagrangian show that the U A (1) anomaly term is dominant for the mass difference between the positive and negative parity diquarks.
So far, we have introduced only the scalar and pseudoscalar diquarks. It is interesting to extend this approach to vector and axialvector diquarks. Considering finite temperature and baryon density is another direction to explore, as the diquark masses might change due to restoration of the chiral symmetry breaking. These are subjects of future studies.
